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The bulk of modern mathematics can be divided, with some angst, into three broad categories:
1) Geometry: Euclidian, non-Euclidian, topology, analytical geometry, etc.

2) Algebra : Originating from symbolized arithmetic and now extending into matrix algebra; group, ring, and field theory; etc..

3) Analysis: Originating with calculus; utilizing the concept of limits, but now rooted in the real and complex number systems.

Almost all branches of today's mathematics are founded in set theory (easily understood through Venn diagrams) i.e., developed via logical deduction beginning with set theory and resulting in a branch of mathematics, i.e., a discourse within mathematics.

Even in today's mathematics, logical deduction is carried out in a manner similar to Euclid's derivation of geometry 24 centuries ago, by way of a process called the axiomatic method or axiomatics.  The components of axiomatics are as follows:

1) technical terms are specified and may or may not be defined.  If the technical terms are undefined, they are called primitives or variables (more on this later).  Technical terms can be divided into at least three types: elements (for example, point or set), relations (like greater than or contained in), or operations ( e.g., multiply or log).

2) postulates or, equivalently, axioms of the discourse are stated.

3) theorems are stated and then derived or proved, from the technical terms and axioms, using the rules of deductive logic.

As an example, develop, i.e., derive, a simple mathematical discourse (i.e., area, branch, or discipline) based on the relation, "greater than" and give the technical terms (and therefore the mathematical discourse) three different interpretations; genealogical, geometrical, and arithmetical.  These three different interpretations will result in three different discourses in applied mathematics.

The most important and desirable properties of an axiom set are:

1) Consistency: a set of axioms is consistent if the axioms cannot be used to prove contradictory, i.e., inconsistent, theorems.

2) Independence: an axiom is independent if it cannot be derived from (i.e., it is not a logical consequence of) other axioms in the axiom set.  The axiom set itself is said to be independent if each of the axioms is independent.

3) Completeness: The axiom set should be sufficient to imply the truth or the falsity of any possible statement, i.e., theorem, which can be formulated within the discourse.  An axiom set is said to be complete if there exists no additional independent and consistent axiom which could be added to the set.  

It is now later.  If the technical terms are specified , but not defined, the resulting discourse is a branch of pure mathematics.  When the primitives are defined (i.e., given specific meanings using a meta-language like English) these meanings are called an interpretation.  A given set of primitives can theoretically be given many different interpretations.  When a specific interpretation is inserted into a branch of pure mathematics, the resulting discourse becomes a branch of applied mathematics.

Discuss with students the relationships among mathematical knowledge, rationalism, empiricism, and eclecticism.

Mathematics seems like universal (i.e., universally applicable) knowledge.  Is it?  For example: is Euclidian geometry correct?  Is it generally applicable?  What about non-Euclidian geometries?  What geometric discourse properly handles the surface of the sphere? Discuss.

Are arithmetic and algebra universally or just broadly applicable?  Answer: Just broadly applicable.  In some applications, 1 + 1 > or  =  2.  For example,1 male and 1 female can, over time, equal 2 people or 3 people or 4 people, etc.  The usual arithmetic and algebra do not apply to such a system.
A branch of pure mathematics is an abstract, mental (i.e., rational) structure, bearing no specific relationship to the real world. When the variables are defined, the resulting branch of applied mathematics may or may not apply to certain aspects of the real world.  If the combination of the defined primitives and the axiom set is consistent with a delineated portion of the real world, then that branch of applied mathematics, including it's provable theorems, is applicable to that delineated portion of the real world, but not necessarily any other portion.  

It is common that a branch of applied mathematics will be appropriate for one or more aspects of the real world and not appropriate for other aspects.  For example, Euclidian plane geometry is perfectly applicable to the spatial domain of flat tabletops, but not to the universe is described by Einstein or to the surface of a sphere.  Euclidean geometry is generally an excellent approximation when applied to the world of our unaided senses, for example, performing geometric operations on small to medium-sized land areas, like farms.  But, as the land area increases in size, the curvature of the earth comes more into play and Euclidean geometry becomes less accurate.  

Einstein's relativistic universe is accurately represented by Riemann geometry [kids, check this.] (one of the many non-Euclidian geometries) and XXXX geometry is applicable to the surface of a sphere.  [Kids, look up the type of geometry applied to spheres and insert that in the above discussion.]

The point being made immediately prior is how mathematical knowledge may relate to, may approximate, or may not relate to portions of the real world.  One of the most interesting examples of mathematics/real-world correspondence is the relationship between an obscure, 19th-century branch of mathematics, called Lie Group Theory and nuclear physics.  

In the early 1960's Murray G el l-Mann, a particle physicist, was trying to build a coherent theory to explain the menagerie of subatomic particles being discovered in particle beam accelerators.  He saw that certain relationships among some of these subatomic particles were consistent with one of the symmetries, i.e., the octuplet symmetry, of Lie groups.  From this observation and a great deal of trial and error analysis, he classified numerous particles into octuplet tables, each table containing eight subatomic particles, related to each other in accordance with the mathematics of Lie Group Theory.

Aside: A mathematical symmetry is an invariance.  For example, identical squares, when rotated 90°, 180°, 270°, etc. are indistinguishable from each other, i.e., invariant.  When applied to the physical universe, these symmetries and invariances become conservation laws, like the conservation of mass, the conservation of angular momentum, the conservation of energy, etc.

Another set of nine subatomic particles seem to be related, but the exact correspondence was not clear.  Lie Group Theory had worked for the octuplet symmetry, but it had no ninefold symmetry.  Yet it did have decuplet (i.e., tenfold) symmetry.  Could Lie Group Theory be the branch of mathematics that describes all or large portion of the relationships among subatomic particles?  Gell -Mann thought it might be.  Like Mendeleev's prediction of  future discoveries of elements to fill pukas in his periodic table, Gell -Mann predicted a 10th particle he called the omega-minus and, based on projections from Lie Group Theory, predicted its properties to be: charge -1, spin 3/2, and mass about 1670 million electron-volts.  Within a year the particle, with its predicted properties, was detected at the particle accelerator in Brookhaven, New York.

With the decuplet success, Gell-Mann noted that nothing in subatomic particle physics had shown the simplest Lie group symmetry, namely a triplet.  With the broad applicability of Lie Group Theory to subatomic particle physics then shown, Gell-Mann reasoned that some triplet symmetry should exist.  Eventually the mathematics led him to the prediction that each heavy subatomic particle was composed of three more fundamental particles, he called quarks.  For example, a proton is composed of two up quarks and one down quark and a neutron is composed of two down quarks and one of quark.  He was far from confident, but eventually his theory was supported empirically.  

Ask the students, what is mathematically surprising and/or interesting about this story.

This story has been proffered here to exemplify a surprising use of mathematical knowledge.  Murray Gell-Mann, without certainty that Lie Group Theory applied to any additional portion of the subatomic world, proceeded from the rational/logical  structure of mathematics to extrapolative predictions about the structure and nature of the physical universe and it was successful.  He extended our knowledge of the physical universe via logical deduction in the form of a particular mathematical discourse.  Only later, confirmatory evidence was gained empirically.
In general, we can say that, if a physical system is consistent with the basic elements and axiom of a given mathematical discourse, that discourse should describe and predict the behavior of that physical system.  In some way not yet understood, the underlying operations of subatomic physics must be consistent with the fundamental elements and axioms of Lie groups.
The broad field of pure mathematics is an assemblage of abstract propositional discourses.  Applied mathematics is the assemblage of the variously interpreted models of these pure mathematical discourses.

Mathematics seems to be perfect (i.e., certain, being without flaws) knowledge within its own domain and within those portions of the real world to which the given mathematical branch applies.  Is it?  Discuss.

Unfortunately, there are some flies in the ointment, i.e., some paradoxes in the foundations of mathematics:

1) The 1901 Bertrand Russell paradox is such a flaw in the foundations of set theory; i.e., in the concept itself, in the axiomization.  This defect was circumvented by various mathematicians in a number of ways.  Probably the most straightforward way was the formulation of a new axiom set which simply ruled out the type of element that led to the paradox in the first place.  The paradoxical element was of no practical importance in the actual application of set theory or mathematics and therefore its loss was of no real import.  (Note the distinction here between the rational science of mathematics in the empirical sciences.  Empirical scientists must ultimately depend upon information from the real world to at least confirm scientific theory.  Pure mathematicians have available the whole domain of their thought processes within which to search for solutions, limited only by the constraints of logic.  Applied mathematicians are also constrained by logic, but additionally the elements and axioms of the applied discourse must be consistent with the characteristics of the field in which the applied discourse is to be utilized.)

2) Godel's Incompleteness Theorem: David Hilbert attempted to establish the inner consistency of formal axiomatics and therefore virtually all of mathematics.  But, in 1931 as Hilbert was completing his work, Kurt Godel proved that -- in any nontrivial, consistent discourse -- there are theorems within the discourse that are undecidable, i.e., cannot be proved to be either true or false.  At the time Godel's finding shook mathematics to its core.

These two flaws show that mathematics doesn't seem to be as perfect as one might have hoped.  For a time each of these flies and others had devastating psychological and intellectual effects on many mathematicians.  Yet, as time passed these difficulties turned out to have scant real effect on either pure or applied mathematics, but they are still a little disconcerting and deleterious to the generally imagined perfection of mathematics.

Why does mathematics happen to be the language of science?  Discuss.

Actually this is not just a happenstance.  In fact it is hard to imagine that it could be any other way.  Mathematics is not a free-form language; it is a sequence of logically necessary connected steps from beginning to end.  Determining the value of an unknown in an algebraic equation is simple, but algebra is not absolutely required to attain the result.  One could simply start from scratch and use logic, rather than mathematical rules would simplify the process, to arrive at the same result.  Hence mathematics (Here we are discussing applied mathematics.)  does not yield a result which transcends logic; it is simply a shorthand composed of rules of manipulation (previously derived from a foundational axiom set) which makes it comparatively easy to arrive at a result.  Again, logic alone could eventually lead to the same result, but with far greater difficulty.  Hence, as indicated above, if the portion of science under consideration satisfies (i.e., is consistent with) the underlying conditions of the mathematical discourse, the logical connection between the beginning and the end of the mathematical calculation is solid, like an ax handle can be swung at a tree with confidence that the ax head will follow.  

Many mathematicians believe that mathematics is out there in the real world waiting to be discovered.  Others believe that mathematics is a creation flowing solely from within the human mind.  Discuss.

